KAHLERIAN TWISTOR SPINORS 
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Abstract. On a Kahler spin manifold, Kahlerian twistor spinors are a natural analogue of 
twistor spinors on Riemannian spin manifolds. They are defined as sections in the kernel of 
a first order difTerential operator adapted to the Kahler structure, called Kahlerian twistor 
(Penrose) operator. We study Kahlerian twistor spinors and give a complete description of 
compact Kahler manifolds of constant scalar curvature admitting such spinors. As in the 
Riemannian case, the existence of Kahlerian twistor spinors is related to the lower bound of 
the spectrum of the Dirac operator. 
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' Introduction 

The purpose of this paper is to study the analogue of twistor spinors on Kahler spin manifolds 
and to describe the manifolds that admit such spinors. 

On a Riemannian spin manifold {M, g), a special class of spinors exists, the so-called twistor 
spinors. They are defined as sections in the kernel of a natural first order operator, the twistor 
operator, which is given by the projection of the covariant derivative onto the Cartan summand 
of the tensor product T*M (8> SM (where T*M is the cotangent bundle and SM is the spinor 
bundle). More precisely, a twistor spinor ip € r(SM) is a solution of the equation 

VxV = --X ■ Dif, 
n 



The author thanks GraduiertenkoUeg 1269 "Global Structures in Geometry and Analysis" for financial support 
and the Centre de Mathematiques "Laurent Schwartz" de l'Ecole Polytechnique for hospitality during part of 
the preparation of this work, within the French-German cooperation project Procope no. 17825PG. 
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where D is the Dirac operator. Twistor spinors are conformally invariant. In [8], Th. Friedrich 
found their conformal relation to Killing spinors, which build up an important special class of 
twistor spinors. Killing spinors also play an important role in physics and are closely related to 
the spectrum of the Dirac operator as shown below. 

The problem of finding optimal lower bounds for the eigenvalues of the Dirac operator on 
compact manifolds was first considered in 1980 by Th. Friedrich, [7]. He proved that on a 
compact spin manifold (M^,g) of positive scalar curvature S, the first eigenvalue A of D satisfies 

A^ > TT^inf^. 

4(n - 1) M 

The limiting case of this equality is characterized by the existence of real Killing spinors 
or equivalently by constant scalar curvature and the existence of twistor spinors. The general 
geometric description of simply connected manifolds carrying Killing spinors was obtained in 
1993 by Ch. Bar, [4J. 

As shown by O. Hijazi in 1984, [llj, Kahler spin manifolds cannot bear any nontrivial Killing 
spinors. Moreover, in 1992 K. -D. Kirchberg proved, pTB], that if the scalar curvature is nonzero, 
then nontrivial twistor spinors cannot exist. It is thus natural to ask for an analogue class of 
spinors on Kahler manifolds, defined by a twistorial equation adapted to the Kahler structure. 
These spinors are called Kdhlerian twistor spinors and are defined in the following way. On a 
Kahler spin manifold {M'^"^,g,J), the spinor bundle SM splits into U(m)-irreducible subbun- 
dles: EM = S^gS^M, where S^M is the eigenbundle of the Clifford multiplication with the 
Kahler form for the eigenvalue i{2r — m). For each O < r < m, a Kahlerian twistor operator 
is defined by the projection of the covariant derivative onto the Cartan summand of the tensor 
product T*M (8> S^M. The sections in the kernel of this first order differential operator are the 
Kahlerian twistor spinors. Explicitly, they satisfy the equations 

where and are defined by ()1.6p . As in the Riemannian case, Kahlerian twistor spinors 
are closely related to the spectrum of the Dirac operator as shown below. 

In 1986, Kirchberg improved Friedrich's inequality for Kahler manifolds. He showed, [Mj, 
that every eigenvalue A of the Dirac operator on a compact Kahler manifold (M^™,^, J) of 
positive scalar curvature S satisfies 




> ^MS, 
4m M 



if m is odd. 



and 



A^ > rinfS", if m is even. 

4(m - 1) M 

The manifolds which satisfy the limiting case of these inequalities are characterized by the 
existence of Kdhlerian Killing spinors (see ()1.14p ) for m odd and by a spinor satisfying a 
similar equation (see (jl.lSp ) for m even. The limiting manifolds were geometrically described 
by A. Moroianu in 1994 for odd complex dimension, respectively in 1999 for even complex 
dimension, ^22], |25| . 

We note that the spinors characterizing the limiting manifolds of Kirchberg's inequalities, 
i. e. those satisfying the equations ()1.14p and (jl.lSp . are in particular Kahlerian twistor spinors 
in SmiiM, respectively T,m±iM. It is thus natural to study Kahlerian twistor spinors as a 
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generalization of these two important special cases. 

The first eigenvalue A^ of the square of the Dirac operator restricted to S^M on a compact 
Kahler manifold (M^™, J) of positive scalar curvature S satisfies the following inequality for 
O < r < Y (for y < r < m there is a similar inequality, see (|2.1ip ): 
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X^ > y + l)inf5. 

~ 4(2r + 1) M 

The limiting manifolds are characterized by constant scalar curvature and the existence of 
nontrivial Kahlerian twistor spinors in S^M (see Propositioii l2.7p . In fact these inequalities on 
each S^M provide a proof of Kirchberg's inequalities (c/. |15j). 

The main result of this paper is the geometric description of the hmiting manifolds of these 
inequahties on S^M (O < r < m), i. e. of spin Kahler manifolds of constant scalar curvature 
carrying nontrivial Kahlerian twistor spinors in S^M. More precisely, we obtain the following 
(see Theorems 15.91 and 15 . 1 5p : 

Theorem 0.1. Let (M^™", i^, J) be a compact simply connected spin Kahler manifold of constant 
scalar curvature admitting nontrivial non-parallel Kahlerian twistor spinors in S^M for an r 
with O < r < m. Then M is the product of a Ricci-flat manifold Mi and an irreducible Kdhler- 
Einstein manifold M2, which is a limiting manifold for Kirchberg's ineguality in odd complez 
dimensions and thus is either the complez projective space in complez dimension 4A; + 1 or, 
in complez dimension 4k + 3, a twistor space over a guaternionic Kahler manifold of positive 
scalar curvature. More precisely, there exist anti-holomorphic (holomorphic) Kahlerian twistor 
spinors in at most one such E^M with r < ^ (f > y) '^^^ ^^^^ '^^^ ^-^ form: 

where Co G r(SoMi) f^r —m—l e r(s Ml)) is a parallel spinor and ipr G r(SrM2) 

(ifm-r+i G T {T,m-r+iM.2) ) is an anti-holomorphic (holomorphic) Kahlerian twistor spinor. 
In particular, the complez dimension of the Kdhler-Einstein manifold M2 is 2r + 1 (resp. 
2{m - r) + 1). 

For r = y ib 1 the complex dimension of the Ricci-flat factor is 1 and we reobtain the limiting 
manifolds of Kirchberg's inequalities for m even. Thus, our result may be considered on the 
one hand as a generalization of A. Moroianu's description of limiting Kahler manifolds in even 
complex dimension, while on the other hand, we use his classification in the odd-dimensional 
case. In particular, our result answers a question raised by K. -D. Kirchberg in [15] and, in a 
certain sense, completes the picture in the Kahler case. 

We note that a slightly different notion of 'Kahlerian twistor spinors' has already been in- 
troduced by K. -D. Kirchberg, [15], and O. Hijazi, [12j . This is a special class of Kahlerian 
twistor spinors (defined as sections in the kernel of the Kahlerian twistor operator), which we 
call special Kahlerian twistor spinors and are characterized by a further condition, i. e. to be in 
the kernel of D~ or (see Remark l2.8|) . 

The paper is organized as follows. After a short preliminary section, where we introduce the 
notation and some results of spin geometry on Kahler manifolds, we define in § [2] the main 
objects, the Kahlerian twistor spinors, and study some particular cases. In § [3] we construct 
a connection called Kahlerian twistor connection, such that Kahlerian twistor spinors are in 
one-to-one correspondence with parallel sections of this connection. Furthermore, in § H] we 
compute the curvature of the Kahlerian twistor connection, which allows us to derive some 
useful formulas. These are the starting points for the main part of the paper, § [5l where we 
prove the above mentioned result (Theorem I5.15p . We first show that on a compact Kahler 
spin manifold of constant scalar curvature all Kahlerian twistor spinors are special Kahlerian 
twistor spinors; then we show that the existence of such a nontrivial spinor imposes strong 
restrictions on the Ricci tensor, namely it only has two constant eigenvalues. This has already 
been proven by A. Moroianu, [23], in the special case of limiting manifolds of Kirchberg's 
inequality for even complex dimension and we notice that his method works for any bundle 
TirM. By a result of V. Apostolov, T. Draghici and A. Moroianu, |2J, we derive that the 
Ricci tensor must be parallel. Thus, assuming that the manifold is simply connected, it must 
be, by de Rham's decomposition theorem, a product of irreducible Kahler-Einstein manifolds. 
Analyzing Kahlerian twistor spinors on a product (Theorem l5.12p . it turns out that one of the 
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factors is Ricci-flat and the other is Kahler-Einstein admitting itself special Kahlerian twistor 
spinors. The problem is thus reduced to the study of Kahler-Einstein manifolds, where we 
show that the only nontrivial non-extremal Kahlerian twistor spinors are the Kahlerian Killing 
spinors (Proposition l5.8| ). In the last section we consider a larger class of manifolds, the weakly 
Bochner flat manifolds, and show that the existence of Kahlerian twistor spinors already implies 
constancy of the scalar cm'vature. 

AcKNOWLEDGMENTS. This paper is a part of my Ph. D. thesis. I thank Uwe Semmelmann, 
my supervisor, for his encouragement. I am grateful to Andrei Moroianu for many valuable 
discussions and suggestions. I also thank K. -D. Kirchberg for reading the preliminary version 
and suggesting me a better terminology for the special classes of Kahlerian twistor spinors. 

1. Preliminaries: Spin Geometry on Kahler Manifolds 

1.1. The Decomposition of the Spinor Bundle on Kahler Manifolds. Let {M, g, J) be a 

Kahler manifold of real dimension n = 2m with Riemannian metric g, complex structure J and 
Kahler form i} = g{J-, ■). The tangent and cotangent bundle are identified using the metric g. 
Where we do not write sums, we implicitly use the Einstein summation convention over repeated 
indices. {ej}j=i^,„^n always denotes a local orthonormal frame. The complexified tangent bundle 
splits into the iti-eigenbundles of the complex structure: TM"^ = TM^"^'*^^ © TM^*^'"*^^ and we 
denote the components of a vector field X with respect to this splitting as follows: 

X+ = i(X - iJX) G r(TM(^'°)), X~ = + iJX) e r(TM(°'^)). 

We now assume on M the existence of a spin structure. In the case of Kahler manifolds this 
is equivalent to the existence of a square root of the canonical bundle K = A^'^'^^M, i. e. a 
holomorphic line bundle L such that K = L (S) L (see [13] ) . 

Let -Pspin be the Spin(2m)-principal bundle of the spin structure and denote by SM the 
associated spinor bundle: SM = Pspin Xspin(2m) ^) where S is the 2'^-dimensional complex 
spin representation of Spin(2?7i). SM is a complex Hermitian vector bundle and its sections are 
called spinor fields (or shortly spinors) . 

The Clifford contraction c : T*M © SM — )• SM is defined on each fiber by the Clifford 
multiplication on the spinor representation S. On decomposable elements we have c{X ip) = 
X ■ ip. It is extended to a multiplication with A:-forms. Each /c-form a acts as an endomorphism 
of the spinor bundle, which is locally given by 

a-ip= ^ a{ei^,...,eijei^- ...-ei^-ip. 

I<ii<i2 <■■■<**; <2m 

Consider now the Clifford multiplication with the complex volume form (with the orientation 
given by the complex structure): = i'" YVi^i ' "^^i- Since the dimension is even, has the 
eigenvalues of +1 and —1 and the corresponding eigenspaces 

S = S+©S- (1.1) 

are inequivalent complex irreducible representations of Spin(2m). 

As an endomorphism of the spinor bundle, the Kahler form is given locally by 

f^ = ^Ee,- Je,. (1.2) 

By a straightforward computation it follows: 

Lemma 1.1. Under the action of the Kahler form Q, the spinor bundle splits into the orthogonal 
sum of holomorphic subbundles 

SM = ©;?LoSrM, (1.3) 

where each S^M is an eigenbundle of $7 corresponding to the eigenvalue ifir = i{2r — m) and 
rankc(S,M) = (™). 

4 



This decomposition corresponds to the one for (O, *)-forms in (O, r)-forms on M, if we consider 
the so-called Hitchin representation ([13]) of the spin bundle of any almost Hermitian manifold: 
SM ^ L A°'*, where L is the square root of the canonical bundle K of M determined by the 
spin structure. 

Comparing the decomposition (jl.ip with the finer one (jl.3p we have 

S+M = e S^M, S"M = e T.rM. 

0<r<m 0<r<m 
r even r odd 

On the spinor bundle there is a canonical C-anti-Hnear real or quaternionic structure j : SM —t- SM 

m(m + l) 

such that j = (— 1) 2 and with the following property: 

j : S^M ^ S„_,.M, }{Z -ip) = Z -ji^ip), forZer(TM^). 

1.2. The Dirac Operator and Estimates for Its Eigenvalues. The Levi-Civita connection 
V on TM induces a covariant derivative on SM, which we also denote by V. Since the Kahler 
form is parallel, V preserves the splitting (jl.Sp . 
The Dirac operator is defined as the composition 

r(SM) ^r(T*M0SM) Ar(SM), d = cos/. (1.4) 

Explicitly D is locally given by 

n 

D = ^eyVe,. (1.5) 

J=l 

Associated with the complex structure J there is another "square root of the Laplacian", 
locally defined by 

n 

i=i 

is also an elliptic self-adjoint operator and it follows easily that 
Define now the two operators 

n n 

D+ = -{D- zD^) = J2el- V,- D- = -iD + zD^) = J] e" • V,+ , (1.6) 

which satisfy the relations 

D = D+ + D-, (L>+)2 = 0, {D-f = 0, D+D- + D-D+ = D'^. (1.7) 

When restricting the Dirac operator to S,.M, it acts as 

D = D+ + D- : r(S,.M) ^ r(S,._iM S,.+iM), 

because of the following result which can be checked by straightforward computation. 

Lemma 1.2. For any tangent vector field X and r £ {O, . . . , m} one has 

X+ ■ S,.M C S,.+iM X~ • S,.M C S,.„iM, (1.8) 

with the convention that S_iM = S^+iM = M x {0}. Thus, if we denote by Cr the restriction 
of the Clifford contraction to T*M (8) S,.M, then Cr splits as follows 

Cr = c+®c- : r(TM S^M) ^ r(S^_iM) r(S^+iM). 
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One of the main tools for the study of the Dirac operator is the Schrodinger-Lichnerowicz 
formula: 

= V*V + -S, (1.9) 
4 

where V*V is the Laplacian on the spinor bundle and S is the scalar curvature of M. 

Let us recah here for later use the lower bounds for the spectrum of the Dirac operator on 
Riemannian and Kahler manifolds. The first such inequahty was obtained by Th. Friedrich, [7], 
who showed that on an n-dimensional compact Riemannian spin manifold (M, g) each eigenvalue 
A of the Dirac operator satisfies 

A' > j^^^iniS. (1.10) 

4(n - 1) A/ 

Of course, this inequaHty gives new information only if the scalar curvature is positive, in 
which case we denote the smallest possible eigenvalue by Ao = "^,s inf5. In [7] it is shown 

Y "'v" ^) M 

that a limiting manifold for (jl.lOp is characterized by the existence of a special spinor. More 
precisely, we have 

Theorem 1.3. Let {M, g) be a Riemannian manifold which admits an eigenspinor ip of the 
Dirac operator D with the smallest eigenvalue Ao- Then the manifold is Einstein and ip is a 
Killing spinor for the Killing constant i-e. satisfies the eguation 

VxV = -—X-ip, (1.11) 
n 

for all vector fields X on M. Conversely, if ip is a nontrivial spinor on M satisfying eguation 
(jl.lip for some real constant, then g is an Einstein metric and {M, g) is a limiting manifold 
for (jl.lOp . ip being an eigenspinor of D corresponding to the smallest eigenvalue \q. 

The complete simply connected Riemannian manifolds carrying real Killing spinors have been 
described by Ch. Bar [3]. The main tool in his proof is the cone construction. He shows that 
Killing spinors correspond to fixed points of the holonomy group of the cone and then uses the 
Berger-Simons classification of possible holonomy groups. 

On Kahler manifolds the inequality (jl.lUp is always strict since a Kahler manifold does not 
admit Killing spinors. It was improved by K. -D. Kirchberg, who showed that each eigenvalue 
A of the Dirac operator on a 2m-dimensional compact spin Kahler manifold {M, g, J) satisfies 

^2 > H^+l-^^^g if ^ ig odd, (1.12) 

A^ > — -infS, if m is even. (1.13) 

4(m - 1) M 

Again we can only get new information about the eigenvalues from these inequalities if the 
scalar curvature is positive. In this case we denote the smallest possible eigenvalue by \'^'^ := 
^^^inJS* and Ag"^"" := ^ ^fJ^_-^<j 'mlS. The limiting manifolds of Kirchberg's inequalities are 

also characterized by the existence of spinors satisfying a certain differential equation. More 
precisely, K. -D. Kirchberg [17] and O. Hijazi [12j proved: 

Theorem 1.4. Let (M, g, J) be a compact Kahler spin manifold of complex dimension m = 21+1 
which admits an eigenspinor ip of D corresponding to the smallest eigenvalue \'^'^ . Then the 
metric g is Einstein and ip = ipi + <pi+i G r(SiM © S/+iM) is a Kdhlerian Killing spinor with 

yodd 

the Killing constant i. e. its components satisfy the eguations 

^odd 

yx^i = TT^~ ■ '^'+1' 

Vxmi = TT^^ ■ 

m + 1 

for any vector field X. Conversely, if 'p = (pi + (fi+i € r(S/M © S^+iM) is a spinor on 
M satisfying the eguations ()1.14p for some real constant, then g is an Einstein metric and 
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{M, g,, J) is a limiting manifold for (jl.l2p . ip being an eigenspinor of D corresponding to the 
smallest eigenvalue Xq'^'^. 

In the case of even complex dimension, the characterization of limiting manifolds in terms of 
special spinors has been given by K. -D. Kichberg [l^J and in the following stronger version by 
P. Gauduchon [TO] . 

Theorem 1.5. Let (M, g, J) be a compact Kdhler spin manifold of complez dimension m = 21 > 
4 which admits an eigenspinor (p of D corresponding to the smallest eigenvalue \'^^'^ . Then the 
manifold has constant scalar curvature and ip = (pi-i + where (pi^i,ip[_-^ € r(S;_iM) 

are spinors satisfying the following eguation: 

Vx^i-i = --X- -D^i.^, (1.15) 
m 

for any vector field X . Conversely, if (p = Vz-i+K'/^z-i) ^ r(Si„iM©Si_(_iM) is a spinor on M 
such that ipi^i,(p'i_-^ satisfy the eguation (jl.lSp and if there ezists a real nonzero constant A such 
that D'^ip = X^'p, then the manifold has constant scalar curvature and is a limiting manifold for 
(fLlSj) . A being equal to Ag''^". 

These Umiting manifolds have been classified by A. Moroianu in [22] for m odd and in [25] 
for m even. In the even complex dimension, the result was conjectured by A. Lichnerowicz [20], 
who proved it under the assumption that the Ricci tensor is parallel. 

Theorem 1.6. The only limiting manifold for (jl.l2p in complez dimension 4k+l is the complez 
projective space CP^'^"*'^. In complez dimension 4/c + 3 the limiting manifolds are ezactly the 
twistor spaces over guaternionic Kdhler manifolds of positive scalar curvature. 

Theorem 1.7. A Kdhler manifold M of even complez dimension m> A is a limiting manifold 
for (|1.13p if and only if its universal cover is isometric to a Riemannian product N xM?, where 
N is a limiting manifold for the odd complez dimension m — 1 and M is the suspension over a 
flat parallelogram of two commuting isometries of N preserving a Kdhlerian Killing spinor. 

2. Kahlerian Twistor Spinors 

2.1. Twistor Operators. Natural first order differential operators acting on sections of an 
associated vector bundle E over a manifold M are given by the composition of projections onto 
irreducible components of the tensor product T*M ® E with a covariant derivative on E. Then 
the principal symbol of the operator is the projection defining it. There is always a distinguished 
projection onto the so-called Cartan summand, whose highest weight is exactly the sum of the 
highest weights of the representations defining the bundles T*M and E. 

Consider now the spinor bundle SM over a Riemannian spin manifold {M, g). As the tensor 
product TM (8> SM splits as S'pm(n)-representation as follows: 

TMOSM ^ SM©ker(c), 

we get two first order differential operators: the Dirac operator (|1.4p is given by the projection 
(which is identified with the Clifford contraction) of the covariant derivative onto SM and the 
complementary operator given by the projection of the covariant derivative onto the Cartan 
summand ker(c). 

In order to define the projections we need to consider an embedding of SM into the tensor 
product TM (g) SM, e.g. the right inverse of c, t : SM TM (g) SM such that c o t = idsM, 
which is given locally as follows: 

1 " 

i{ip) = ^ Cj (g) Cj ■ tp. 

The Riemannian twistor (Penrose) operator is then defined by 

T : r(SM) r(ker c), Tip = Vip + -ej O ej ■ Dip, 
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or, more explicitly, when applied to a vector field X: 

Tx^ = Vx^ + -X ■ D^, (2.1) 

n 

Definition 2.1. Let {M, g) be a Riemannian manifold. A spinor (p E r(SM) is called Rie- 
mannian twistor spinor if it belongs to the kernel of the Riemannian twistor operator, i. e. if it 
satisfies the dijjerential eguation 

Vx^ = --X -Dip, (2.2) 
n 

for all vector fields X . 

Let us now consider the case of Kahler manifolds. It was proven by K. -D. Kirchberg [16] that 
on a Kahler manifold with nonzero scalar curvature, the space of Riemannian twistor spinors 
is trivial (a different proof of this result is also given by O. Hijazi [12j and for compact Kahler 
manifolds this vanishing result is due to Lichnerowicz [21]). Thus it is natural to consider a 
twistor operator adapted to the Kahler structure, by looking at the decomposition of each tensor 
product of the vector bundles TM (g) E^M (for r = O, . . . , m) into irreducible components under 
the action of the unitary group U (m). There are three irreducible summands: 

TM O S^M ^ S^_iM e S^+iM ker(cr), (2.3) 

where Cr is the restriction of the Clifford contraction to S^M as in Lemma 11.21 Thus, there 
are three first order differential operators: the first two projections are given by c~ and 
respectively and the third one is the projection onto the Cartan summand, kerc^. As in the 
Riemannian case we need the two embeddings, which are locally given as follows: 



67 : S,_iM ^ TM (g) S,M, l;{p) = -- -TT T" e 

2(m — r + 1) ^-^ 
i=i 

1 " 

: S,.+iM ^ TM (g) S^M, t+ {ip) = - ^ ej ej ■ p. 

^{r + ij .^^ 

The Kdhlerian twistor (Penrose) operator of type r is then defined by the projection of the 
covariant derivative onto the Cartan summand: 

Tr : r(S,M) ^ r(ker(c,)), TrP = Vp + re^ ® e+ • D' p + ^ ej (g eJ ■ D+ip, 

2[m — r + Ij ■' 2[r + 1) 

or, more explicitly, when applied to a vector field X: 

{Tr)x^ = + ir, ^— TT^+ • D- p + i^7^^X- ■ D+p. (2.4) 

l[m — r + 1) 2(r + 1) 

The Kahlerian twistor operator has already been introduced, e. g. by P. Gauduchon ^lOj. 
Different approaches have been considered by O. Hijazi p[2] and by K. -D. Kirchberg [TS]. In 
Remark 12.81 we discuss the relationship between the various definitions of a twistor spinor 
adapted to the Kahler structure. 

Definition 2.2. Let {Al, g, J) be a Kahler manifold. A spinor p G r(E,.M) is called Kahlerian 
twistor spinor if it belongs to the kernel of the Kdhlerian twistor operator, i. e. if it satisfies the 
differential eguations 

\'^x-^ = -2^X--D+p, 

for all vector fields X . 

We shall denote by /C7~(r) the space of Kahlerian twistor spinors in S,f.M. 

It follows immediately from the defining equations (j2.5p that the real or quaternionic structure 

j of the spinor bundle preserves the space of Kahlerian twistor spinors: 

j : JCT{r) ^ }CT{m-r). 

8 



Thus it is sufficient to study K.T{r) for O < r < f . 

An important class of spinors in JCT{r) are the special Kahlerian twistor spinors defined as 
follows: 

Definition 2.3. A Kahlerian twistor spinor ip E r(SrM) is holomorphic, respectively anti- 
holomorphic Kahlerian twistor spinor if D^ip = O, respectively D^ip = 0. 

We denote the space of holomorphic and anti-holomorphic Kahlerian twistor spinors in S,.M 
by HJCTir) and AlCT{r) respectively and notice that they are interchanged by j: 

]: AlCT{r) ^WCT{m-r). (2.6) 

Parallel spinors are of course the easiest examples of a twistor spinor of any kind, because, 
by definition, all components of the covariant derivative vanish. However this condition is very 
restrictive, parallel spinors only exist on Ricci-flat Kahler manifolds. 

Directly from the decomposition ()2.3p and using the embeddings and i~ we get the fol- 
lowing Weitzenbock formula, relating the differential operators acting on sections of Sj.M: 

V*V = — -D-D+ + i -D+D- + T*Tr. (2.7) 

2(r + l) 2(m-r + l) ^ ' 

This is just a special case of a general Weitzenbock formula which expresses the rough Lapla- 
cian V*V acting on an associated vector bundle E as the sum of all T*T with T first order 
differential operator given by the projections of a covariant derivative onto the irreducible com- 
ponents of the tensor product TM E. 

Remark 2.4 (Relationship to the estimates of the eigenvalues of the Dirac operator). By 
Theorem 11.31 each eigenspinor corresponding to the smallest eigenvalue of the Dirac operator 
on a Riemannian manifold is a Killing spinor, thus in particular a twistor spinor. Moreover, the 
eigenspinors corresponding to the smallest eigenvalue are exactly the eigenspinors of D which 
are twistor spinors. 

Similarly, on a Kahler manifold Theorems 11.41 and 11.51 imply that every eigenspinor of the 
Dirac operator corresponding to the smallest eigenvalue is a sum of two special Kahlerian twistor 
spinors: if m is odd, then ()1.14p implies that 93 € ^/CT(^^^^^)©?^/CT(^^^) and if m is even, then 
()1.15p implies that ip G A1CT{^ — 1) ® HlCTi^ + 1). Moreover, eigenspinors corresponding to 
the smallest eigenvalue are exactly the eigenspinors of D which are Kahlerian twistor spinors. 
The geometric description of the limiting Kahler manifolds (Theorems 11.61 and II. 7p provides 
the first examples of manifolds admitting Kahlerian twistor spinors. Thus, Kahlerian twistor 
spinors may be seen as a generalization of these special spinors which naturally appear in the 
limiting case for the lower bound of the spectrum of the Dirac operator. 

We now show that special Kahlerian twistor spinors on a Kahler manifold of positive scalar 
curvature are exactly the eigenspinors of the smallest eigenvalue of the square of the Dirac 
operator restricted to an irreducible subbundle S^M. This result has been proven by O. Hijazi 
|12| and by K. -D. Kirchberg [TH]. Here we foUow the argument given by P. Gauduchon [TU] and 
by U. Semmelmann [31] . 

Lemma 2.5. Let 99 S r(SrM). Then the following ineguality holds 

|Vv3p > — + — r\D-(p\'^, (2.8) 

^' -2(r + l)' ^' 2(m-r+l)' ^' ' ^ ' 

with eguality if and only if ip is a Kahlerian twistor spinor, i. e. T^ip = 0. 

Proof: The statement of the lemma is a direct consequence of the following relation: 

2[r + 1) 2[m — r + Ij 

which in turn is implied by the following equalities that are straightforward from the definition 
of the embeddings 6^: 
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2(m - r + 1) 

The Lichnerowicz formula ()1.9p yields the following: 



Lemma 2.6. Let {M, g) he a compact spin manifold. If (p is an eigenspinor of , D'^ip = Xip 
and satisfies the ineguality 

|V(^p > l\D^\^ (2.9) 

then 

A > T^linfS 
k -14 M 

and eguality is attained if and only if S is constant and eguality in (|2.9p holds at all points of 
the manifold. 

Proposition 2.7. Let (M, g, J) he a compact Kdhler manifold of positive scalar curvature. 
Then any eigenvalue X of on S^M satisfies: 

X>'-^^hnfS, rfvK^^ (2.10) 
- 2r + 1 4 M ' - 2 ^ ' 

and 

2(rn-r + l)l m 
- 2m - 2r + 1 4 M ' 2 ^ ' 

Eguality is attained if and only if the scalar curvature is constant and the corresponding eigen- 
spinor is an anti-holomorphic (holomorphic) Kdhlerian twistor spinor if r < ^ ('f" > 

Proof: Let ip G r(SrM) with D'^tp = X'p. We distinguish two cases. 



L If D-^ = O, then \D^p\'^ = \D+ip\'^ and ([23]) implies: 

iVy^P > - 

Applying Lemma |2.6[ it follows that 



' ^' - 2(r + 1)' ^' 2(r + 1)' ^' 



~ 2r + 1 4 M 

IL If D~ip 7^ O, then we apply the same argument for (p~ := D~ip G r(Er-iM) with 
D'^tp- = X(p~. Then D'ip- = O, so that \Dip-\'^ = \D+ip-\'^ and from it follows: 

Applying again Lemma 12.61 it follows that 

X ^ 2r 1. _ 2(r + l)l. _ 
~ 2r - 1 4 Af 2r + 1 4 M 
The same argument applied to the cases when D~^(p = O and D'^ip ^ O shows that A > 
g^iinfS. If r < f , then fegMlinfS < '-^ImfS and thus follows mSI, otherwise 

()2.1ip . The equality case follows from Lemmas 12.51 and 12.61 □ 

Remark 2.8 (Relationship to other notions of Kahlerian twistor spinors). The term "Kahlerian 
twistor spinor" has already been used in the literature. A class of spinors with this name has 
been introduced by K. -D. Kirchberg |15] and by O. Hijazi [12j. We explain here the relationship 
between Definition 12.21 and these definitions. 

In [15], K. -D. Kirchberg defined a Kahlerian twistor spinor of type r (for 1 < r < m) to be a 
spinor f G F (SM) satisfying the equation 

Vx'P = -^{X ■ + JX ■ D^ip). (2.12) 
4r 
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He showed that a solution of (j2.12p must lie in r(E.f._iM © E^-r+iM). By rewriting this 
equation using the operators and D^: 

-.-XX+-D-^, 
---^X--D+^, 

it follows that the spinors satisfying ()2.12p are exactly the anti-holomorphic and holomorphic 
Kahlerian twistor spinors in S^-iM, respectively in S^-r+iM, see Definition 12.31 K. -D. Kirch- 
berg further proved, [16], some vanishing results for these spinors which we shall also obtain 
in § 15.31 (for Kahler-Einstein manifolds) and § 15.21 (for Kahler manifolds of constant scalar 
curvature) as a special case. 

In [12j, O. Hijazi considered as defining equation for a spinor S r(SM) the foHowing shghtly 
more general equation than (|2.12p : 

Vx(p = aX -D^ + bJK -D^ip, (2.13) 

where a and b are any real numbers. For example, if a = — - and 6 = 0, then a solution of (|2.13p 
is a Riemannian twistor spinor (as (|2.2p shows). Furthermore O. Hijazi proved that on a Kahler 
spin manifold with nonzero scalar curvature there exists a nontrivial solution of (|2.13p if and 
only if a = 6 = — , for some integer r with O < r < m — 2, thus reducing equation (j2.13p 
to ()2.12p . For r = m — 1 it is proven (PJJ Theorem 4.30] and [T5l Proposition 11, Theorem 17]) 
that the solutions of the equation ()2.13p are exactly the Riemannian twistor spinors and they 
are all trivial on a Kahler spin manifold of nonzero scalar curvature. 

In order to better compare these definitions we notice that, using the operators D and V^, 
the defining equation ()2.5p for Kahlerian twistor spinors can be rewritten as follows: 

^ 8(r + l)(m-r + l)^ ^ ^' 8(r + l)(m - r + 1) ^ ^ ^' 

An important property of special Kahlerian twistor spinors noticed by K. -D. Kirchberg in 
[16] is that they are eigenspinors of the square of the Dirac operator, if we assume the scalar 
curvature to be constant. This is implied by the Lichnerowicz formula as follows. 

Let if G AJCT{r): = ~ 2(r+i) "^~ ' By differentiating once this defining equation 

and then contracting, we get 

where {ej}j=i_,,,.„ is a local orthonormal frame parallel at the point where the computations are 
made. Since D~'ip = O, it follows 

V*Vm = — -D-D^ip = — -D'^ld, 
^ 2(r + l) ^ 2(r + l) ^' 

which together with the Lichnerowicz formula (|1.9p yields 

L)2 = + s (2.14) 

^ 2 2r + l) ^ ^ ^ 



Thus, if the scalar curvature S is constant, then ip is an eigenspinor of D^. Similarly, if (/? G 

m— r+l 
2(2m-2r+l) ' 



niCTir), then we get D^^ = J^i^i 5^. 



2.2. Particular Cases of Kahlerian Twistor Spinors. We first look at extremal cases of 
Kahlerian twistor spinors, i. e. of highest and lowest type and notice that they are always special 
Kahlerian twistor spinors. Let (p € r(SrM): if r = O, then D~ip vanishes automatically and 
if r = m, then D~^ip = 0. Thus ip is an anti-holomorphic, respectively holomorphic Kahlerian 
twistor spinor. Moreover, as shown by K. -D. Kirchberg, they are exactly the anti-holomorphic, 
respectively holomorphic sections in SoM, respectively S^M ([15', Theorem 12], with the remark 
that we use different conventions, namely in [15] corresponds to in our notation): 
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. 1 , 



/Cr(0) = AJCTiO) = H^{M, SoM) = ji/°(M, K"^)^ 
KT{m) = nKTim) = H^{M,Y.^M) = H^{M,K^). 

Another special case is the middle dimension, when m is even and r = y. This is the only 
case when the coefRcients of the defining equations (|2.5p of a Kahlerian twistor spinor are equal: 



VxH= = ^—{X+-D-^ + X--D+^). (2.15) 

m + I 

We show that on a compact Kahler spin manifold of positive constant scalar curvature there 
does not exist any nontrivial solution of this twistorial equation, which means that there are no 
Kahlerian twistor spinors in the middle dimension. 

By differentiating and then contracting ()2.15p we obtain 

^^^^^^^ = -^^""^ ■ ^4^"^ + ■ "^e-D^^)^ 

where {ej}j=i^...^,i is an orthonormal frame parallel at the point where the computation is made. 
Thus, it follows that 

V*V(^ = -^{D+D-^ + D-D+^) = -^D\, 
m + 2 m + 2 

which together with Lichnerowicz formula p.9p implies 

2 m + 2 

4(m + 1) 

showing that if the scalar curvature is constant, then ip is an eigenspinor of the eigenvalue 
_ _m±2_^^ which is strictly smaller than 4(,^x) ^- This value is the lower bound given 
by Kirchberg's inequality (|1.13p for m even. Thus ip must be zero. 

If S' = O, then from the above relations we have V*V(/? = D'^ip = O, so that 99 is a parallel 
spinor if the manifold M is compact. 

3. The Kahlerian Twistor Connection 

The purpose of this section is to construct for each r (from now on we fix an r with O < r < m 
and r 7^ y) a vector bundle with a connection, called Kahlerian twistor connection, such that 
Kahlerian twistor spinors in the subbundle S^M are in one-to-one correspondence to parallel 
sections of this connection. This allows us to conclude for instance, that the space of Kahlerian 
twistor spinors is finite dimensional. The curvature of this connection provides useful formulas 
for computations with Kahlerian twistor spinors, needed in § [5] to describe geometrically the 
Kahler manifolds admitting such spinors. 

The idea of constructing a larger vector bundle with a suitable connection such that solutions 
of a certain equation correspond to parallel sections has often appeared in the literature. For 
example for Riemannian twistor spinors this construction was done by Th. Friedrich [8] and for 
conformal Killing forms by U. Semmelmann |32j . 

By definition of Kahlerian twistor spinors, the covariant derivative of involves ip'^ := D^ip 
and ip'^ := D^ip. Hence, the first step will be the computation of the covariant derivatives 
of these sections, which yields an expression involving only zero order terms and D'^p. Then 
we compute the covariant derivative of D'^p and get an expression involving zero order terms 
and the sections p'^ and p' , showing that the system closes and thus defines a connection. 
More precisely, if we denote hy p = {p,p+ ,p^ , D'^p) e r(i;,.M © i;,.+iM © S^-iM © S^M), 
then we have 'Vx0 = B{X)ip, where B(X) is a certain 4 x 4-matrix whose coefficients are 
endomorphisms of the spinor bundle, depending on the vector field X. The Kahlerian twistor 
connection is then a connection on SrM©Sj.+iM©Sr-iM©ErM, defined as Vx = Vx ~B{X) 
and the Kahlerian twistor spinors are the first component of parallel sections of V. 

Before proceeding with the computation we make a short digression to introduce the notation 
and to give some useful formulas needed in the sequel. We consider the local formula (jl.Sp 
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defining the Dirac operator (or the formulas ()1.6p defining D~ and D~^) and apply it to sections 
of different associated bundles (and then V is the corresponding connection induced by the Levi- 
Civita connection). When applied to functions we get: D f = df, D~{f) = df, D^{f) = df. 
If we apply (jl.Sp to a vector field X we get the following endomorphisms of the spinor bundle: 

n n 

D{Xy := Y, e, ■ Ve,X-, D\xy := ^ e, ■ a ■ Ve, Ve,X ■ . 

On forms we have: D = + = d + d*, = d + 8*. We may also extend the formula 

for the Dirac operator (jl.Sp on endomorphisms of the tangent bundle. For instance, for the 
Ricci tensor we define the following endomorphism of the spinor bundle: 

D{mc){X)- := • (Ve,Ric)(X) • . 

By straightforward computation we obtain: 

Lemma 3.1. The following commutator rules holdfor any vector field X on M, where {ej}j=i....^„ 
is a local orthonormal frame parallel at the point where the computations are done: 

DX ■ +X ■ D = D{X) ■ -2Vx, (3.1) 

D+X+ ■ +X+ ■ = D+{X+)-, D+X- ■ +X- ■ = D+{X-) ■ -2Vx-, (3.2) 

D-X- ■ +X- ■ D- = D-{X-)-, D-X+ ■+X+ ■ D- = D-{X+) ■ -2Vx+, (3.3) 

[Vx,D] = -^mc{X)--ei-V^^^x, (3.4) 
[Vx+,I?+] = -^Ric(X+).-e+-Vv_x+, [Vx-,^+] = -e+-Vv_x-, (3-5) 

/ e . e . 

[Vx-,D-] = -^mc{X-)--er ■V^^^x-, Nx+,D-] = -er .V^^^x+, (3.6) 

[D\X] = -Ric(X) • +D\X) ■ -2Ve,X • Ve„ (3.7) 
D{mc{X)-) + Ric(X) • D = D(Rm{X)) ■ -2VRi,(x), (3.8) 

[Vx, D^] = - ^D{mc{X)) ■ +VRi,(x) - e, ■ et ■ i2e„v.,x - e, • • Vv.^^Ve, 

- ej ■ ei ■ Vve^.v.^x - ■ Vv,^x^- 

Let now ip he a Kahlerian twistor spinor in S^M. First we derive some formulas relating the 
second order differential operators D^D^ , D^D^ and D^, when applied to a Kahlerian twistor 
spinor. Since we assumed that r ^ m/2, the system formed by the Weitzenbock formula (|2.7p 
(using the fact that by definition T^ip = 0) and the Lichnerowicz formula ()1.9p can be inversed 
and we get the following relations: 

D^D-^ = J^r + l){m-r + l)^,^ ^ {r + l){m - r + 1) ^^^^^ 
m — 2r 2{m — 2r) 

D~D-^ = i^m-2r + l)ir + l) _ {r + l){m-r + l) 
m — 2r 2{m — 2r) 

I „ (2r + l)(m — r + 1) „ m — r + 1^ 

D+D-ip = -^ — \ D-D+ip + — -5w, (3.12) 

^ (2m-2r + l)(r + l) ^ 2(2m - 2r + 1) ^' ^ ^ 

D-D^^ = _(2m-2. + l)(r + l) r + 1 

^ (2r + l)(m-r + l) ^ 2(2r + 1) ^ ^ ^ 
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We now compute the covariant derivatives of D~^(p and D~ip in the direction of a vector field 
X which is parallel at the point where the computations are done. The local orthonormal frame 
{ej}j=i^,,,^n is parallel at this point too. 

Vx+{D+^) ^D+{V^+^) - ^Ric(X+) . ^ 

^ -D+{X+ ■ D-(p) - -Ric(X+) • (f 



2(m-r + l) ' 2 

-X+ • D+D-ip - -Ric(X+) • if 

2(m-r + l) ^2 ^ ^ ^ 

2(r + 1) 

2(r + Ij r + 1 

so that Vx-(-D+v3) = 0. 

These two equations give the second row of the connection in (|3.19|) . Similarly, for the covariant 
derivative of D~ip we obtain 

2[m — 2r) 4(m — 2r) 2 

which yield the third row of the connection in (|3.19|) . 

For the last component of the connection we compute the covariant derivative of D'^ip. 

Vx{D\) ^ D\Vx^) - \D{mc){X) ■ V9 + VRi,(x)V5 - e,- • e, • Vy.^. V^^^V^. (3.14) 
We now compute separately the terms appearing in (|3.14|) . The first one is given by 

D\Vxv) = -ir. ^——tD\X+ ■ D-^) - —^D^{X- ■ D+ip), (3.15) 

2[m — r + Ij 2[r + Ij 

where 



D'^{X+ ■ D'^) ^X+ ■ D^D-if - Ric(X+) • D-if + D''{X+) ■ D'^ 

^X+ ■ D-D+D-ip - Ric(X+) • D-ip + D\X+) ■ D'ip 

JTTTl m — T- 4- 1 , , r, 1 

-X+ • D-{Sip) - Ric(X+) • D-ip + D^{X+) ■ D'ip 



and similarly 



2(2m - 2r + 1) 



2(2m-2r + l) ^ 2(2m - 2r + 1) 



D^(X- ■ D+ip) = + ^ SX- ■ D+ip - -!^i-l-a(5) ■X- -ip 
^ ^' 2(2r + l) ^ 2(2r + l) ^ ' ^ 



X-{S)^ - Ric(X-) • + D\X-) ■ D+<p. 



2r + 1 
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The third term in (j3.14p is given by 



^ Ric(X+) • D-if - —^—-Rk{X-) ■ D+if. ^^'^^^ 



2(m-r+l) ' ' 2(r + l 

and the last term in ()3.14p is 

ej ■ ei ■ Vv, = ^-—-DHX+) • D-^p - -^—D\X-) ■ D+^. (3.17) 

^ ' 2[m — r + 1) 2{r + 1) 

Substituting ()3.15p . ()3.16p and (|3.17p in (|3.14p . we get the following equahty, which yields 
the last row of the connection matrix ()3.19p : 

Vx(«V) = - ^0(Ric)(X) . ^ + ^p_J^x+(5)^ + ^i^Tm)-^"'*'" 

^ -SX- ■ D+ip- -SX+-D-^. 



4(2r + 1) 4(2m - 2r + 1) 

Hence, we have shown that if (/? € r(SrM) is a Kahlerian twistor spinor, then the four-tuple 
{(p,ip~^ := D'^ifjif^ := D^if, D'^if) is parallel with respect to the following connection, which 
we call Kahlerian twistor connection: 

-,(^5X+.+iRic(X+). Vx O 

. +lRic(X-). O Vx -t^^- 

V ^(^) 4(2^^^~- 4(2m-2r+l)^^^- '^^ 

where we denote by A{X) the following endomorphism of the spinor bundle 

A{X) ■.=-D{Ytdc)iX) - i -idS)- ■ X+ - -idSy ■ X- 

^ ' 2 ^ ' 4(2m-2r + l)^ ' 4(2r + 1) ^ ' 



(3.19) 



2(2m-2r + l) ' ' 2(2r + 1) 

Moreover, it follows that any parallel section is of the form {(p , ip'^ , ip" , D"^ Lp) with ip a 
Kahlerian twistor spinor: 

Proposition 3.2. There is a one-to-one correspondence between Kahlerian twistor spinors in 
TirM and parallel sections of the bundle S^M © S^+iM © E^-iM © S^M with respect to the 
connection V given by ()3.19p . The ezplicit bijection is given by 

ip^ ip = {ip,ip+,ip-,D'^ip). 

Proof: In the above discussion we have seen that the function (p (p takes values in the 
space of parallel sections with respect to the connection (j3.19p and it is obviously injective. 
Thus we only need to prove its surjectivity. 

Let {ip,tp,£^,rj) e r(Sj,M © S^+iM © S^-iM © S^M) be a parallel section with respect to 
(j3.19p . Since the first row of this connection is exactly the Kahlerian twistor operator, it follows 
by contractions that the first three components are ((/?, (/3"*", (p~), where (/9 is a Kahlerian twistor 
spinor. From 

Vx-(p = r-^ — rX' ■ ib 

^ ^ 2(r + l) ^ 
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we get by contraction that ip = D ip. Similarly, from 



2{m — r + 1 



we get ^ = D'^ip. Substituting now ip and in the first row yields that is a Kahlerian 
twistor spinor. For the last component of the four-tuple we may compare for example the 
second row of the connection matrix apphed to the parallel sections {ip, ip = </?"*", C = ^~ -.f]) ^"^^ 
{ip,ip'^ ,ip~ , D'^if) obtaming: 



which contracted yields rj = D'^Lp. □ 
If the manifold {M, g, J) is Kahler-Einstein, then Ric(X) = ^X and the Kahlerian twistor 
connection V simplifies as follows: 



r(m+2) 
4m(m— 2r) 



X- 



sx+- 



{m—r){m+2) c t^- 
4m(m-2r) '-'^ 



2{r+l) 

O 

4(2r+l) 



1 x+- 

2(m-r+l)^ 

O 

4(2m-2r+l) 



O 



2r+l 
2(m-2r) 



2m.-2r+l -i^- 
' 2{m-2r) ^ 



(3.20) 



4. The Curvature of the Kahlerian Twistor Connection 

In this section we compute the curvature of the Kahlerian twistor connection. The first 
component of this curvature allows us to reduce the Kahlerian twistor connection V to one 
acting on a bundle of smaller rank, namely on S^M © S^+iM © S^-iM, which is given by the 
matrix ()4.5p . 

Let ip € r(SrM) be a Kahlerian twistor spinor. Since ip = {ip, ip~^ , ^~ '■= D^y^) is a parallel 
section of V fProposition 13. 2( ). then by definition the curvature of this connection vanishes on 
this section: Rx.y{'p) = O, for any vector fields X and Y . Thus, computing the components of 
R we get certain identities which by further contractions yield the formulas in Proposition[ 

By straightforward computation it follows that the first component of R is given by: 



ip^ 



--Rx,Yip - -. —i <X,JY>^ + -T^—^[X- ■ Ric(y+) - Y- ■ Ric(X+)] • ip 

4(m — 2r) 4(r + 1) 

4(171 — Zr) (r + lj(m — r + 1) r+1 

We now need the following formulas for contractions, which hold for endomorphisms of the 
spinor bundle restricted to S^M: 

■ = -2r, ■ = -2(m — r), (4.1) 



ei ■ Re,,Y = ^Ric(r), er ■ ^ = i[Ric(y) + ipiY)], (4.2) 



S 

Ci ■ Ric(ei) = -S, ■ Ric(e+) = -—-ip, (4.3) 
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where p is the Ricci form: p{X^Y) = Ric(JX, y). Using (j4.ip - (j4.3p we obtain the following 
formula for the contraction of the first component of the curvature: 

O =[ -{Y- - Y+) - , ^ A -Y- + iY~ ■ p) - A-Y+ - iY+ ■ p)] ■ ip 

^ 4(m-2r)^ ^ 4(r + 1) ^ 2 4(m - r + 1) ^ 2 ^ 

+ 77 r(-2(m - r + 1)^" - 2rY^) + ^ — ^(y" - y+)l • ry 

4(m-2r)^(r + l)(m-r + l)^ ^ ' ^ r + 1 ^ ' 

(m + 2)5 (m + 2)5 i 
— -Y ■ ip -\ -. TT rY ■ ip — — -Y -p-p 



8(r + l)(m-2r) ^ 8(m - r + l)(m - 2r) ^ 4(r + 1) 

y • /9 • (/7 H ;^ "7 -Y -T] -Y -r], 



4{m-r+l) 2(r + l)(m-2r) 2(m - r + l)(m - 2r) 

or equivalently: 

(m + 2)5^, i^^ m + 1^, 

j- ^y- .p + -Y--p-ip -y- • r/ = o, 

4(m — 2r) 2 m — 2r 

{m + 2)S . , V+ '^+'^v+ n 

— tttY^ ■ 'P + -y^ -p-p —Y^ • r/ = O, 

4(m — 2r) 2 m — 2r 

which both yield by a further contraction: 

(m + 2)5 i m + 1 

77 ^ • V? + o • /5 • V' ^ • = O, 

4(m — 2r j 2 m — 2r 

so that 

^2 (m + 2)5 m-2r , 

4(m + Ij 2[m + Ij 

This relation allows us to reduce the connection to one actmg on sections of the vector bundle 
SrM©Sr+iM©Sr-iM. Thus, substituting (j4.4|) in the second and third row of the connection 
(|3.19p . we get the following connection with respect to which the triple {p,p~^ ,p~) is parallel 
for any Kahlerian twistor spinor p G r(SrM): 



■W^SX+ ■ +lRic(X- 



v 8(m+l) 



SX- ■ +iRic(X- 



l(m+l) 

2m-2r+l 
4(m+l) 



•p- 



O 



1 y- 
2(m-r+l)^ 

O 



(4.5) 



As in Proposition l3.2| it follows that there is a one-to-one correspondence between Kahlerian 
twistor spinors on S,.M and parallel sections of the bundle SrM©Sr+iM©Sr-iM with respect 
to the connection V given by (|4.5p . An immediate consequence is that the space of Kahlerian 
twistor spinors is finite dimensional and an upper bound for its dimension is given as follows. 

Corollary 4.1. Let {M, g, J) be a connected spin Kdhler manifold. The dimension of the space 
of Kdhlerian twistor spinors in S,.M is bounded by the rank of the vector bundle S.rM©Sr+iM© 
S,._iM.- 



dimc(/Cr(r)) < 



m 



m 
r — 1 



Remark 4.2. Twistor operators are one of the typical examples of Stein-Weiss operators. It 
was shown by Th. Branson, [6], that they are elliptic. Hence, it follows directly that on compact 
spin Kahler manifolds the space of Kahlerian twistor spinors is finite dimensional. However, 
our Corollary 14.11 is a purely local result: the manifold M is not assumed to be compact. 
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The second component of the curvature of the connection V is given by straightforward 
computation as follows: 



2r + 1 

+ (Ric(x+) • Y- - Ric(y+) • X-) + — — • p • y- - y+ • p ■ X-)] • 

2(m + Ij 

+ 4(m-r + l)["4(mVl)^^^^ • y+ - y+ • X+) 

2r -I- 1 

+ (Ric(x+) • y+ - Ric(y+) • x+) + • /9 • y+ - y+ • p • x+] • y.- 

2(m + 1) 

+ - ^(5)^+) + ^((VxRic)(y+) - (VyRic)(X+)) 

2r + 1 

Contracting this equation using the formulas (|4.ip - ()4.3p we obtain 

O = - 77 TT^ Tt[|(^^^ + ('^ + 1)^") + ^(^(2^ + 1)^^ + + " 2r + l)Y-) ■ p 

4(r + lj(m + 1)2 

+ 2(r + l)(m - 2r)Ric(y")] • 

+ — 3_ \II^Y~^ + (4r^ + 4r - 4rm - 3m)iY~^ ■ p 

4(m-r + l)(m + l)^ 2 ^ ; 

+ 2(m - r - l)(2r - m)Ric(y+)] • 99" 

+ + (r + l)Y-{S) - rY+ ■ {dS)+ + (r + l)Y+ ■ {dS)' 

+ 2(2r + l)(m - r - l)iVy+p + 2(r + l)(2m - 2r + l)iVy-p] • Lp. 

By projectmg this equaHty onto S,.M and $]r+2M, it becomes equivalent to the following two 
equations: 

Q 

- [-Y- + i{2m -2r + l)Y- ■ p + 2(m - 2r)Ric(y~)] • 93+ 

1 \^J^y'^ + [Ar"^ + Ar - Arm - ?,m)iY^ ■ p + 2{m - r - l){2r - m)Kic{Y^)] ■ tp~ 



m — r + 1 2 

+ [-(m - r - l)y+(5) + (r + l)y-(5) + (r + l)y+ • {dS)' 

+ 2(2r + l)(m - r - l)iVy+p + 2(r + l)(2m - 2r + l)iVy-p] • = O, 



(4.6) 



[|y+ + i{2r + l)y+ • /9] •(/?+ + (r + l)y+ • (d5)+ • = 0. (4.7) 



The contraction of (|4.7|) yields ( if r 7^ m — 1): 



so that 



[| + (2r + l)i/5] • + (r + l)((i5)+ • v? = O, 



+ 1 ^ ^ r+1 



ip.(^+ = — -Sip+ ■ — (dSy-^. (4.8) 

^ ^ 2(2r + l) ^ 2r + r ^ ^ ^ ^ 
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The contraction of (|4.6p yields: 

O = (m - r + l)Sip~^ + 2(2r + l)(m - r + l)i/9 • 

2(r-m)(r+l)S _ 4(r + l)(r - m)(2r - 2m - 1) 

+ —j — f + --j W 'P 

m — r + 1 m — r + 1 

+ 2(r + l)(m - r + l)((iS')+ • 99 - 4(r + l)(m - r)(d5)" • 99, 

which, by projections onto S^+iM, respectively S^-iM, is equivalent to the following two equa- 
tions: 

which is again the equation ()4.8p (here it fohows to be true also for r = m — 1) and 

2[2(m — r) + IJ 2(m — r j + 1 

Inserting the relations (j4.9p and ()4.10p back in (j4.6p . it becomes equivalent to the following 
two equations 



^^-^ • ^ = - (2.+^1K;^'-Ui) [ 2(2..-2. + 1) ^^" - • ^" 

+ 2(27?!) • ^ + 2(2.. -2. + !) ^" ' ^^^^^ " ^' 

iVy-p • 99 = - JJ'-^^ rY- - Ric(y-)] • if+ 

^ (r + l)(2m-2r + l)^2(2r + l) ^ ^ 



(4.11) 



(4.12) 



2(2m-2r + l) ' ' ^ 2(2r + 1) 

A similar computation for the third component of the curvature of the Kahlerian twistor 
connection only yields again the equations ()4.9p . ()4.10p . ()4.1ip and ()4.12p . 

We gather now the formulas that we obtained for the actions on a special Kahlerian twistor 
spinor and deduce some new ones. Is is enough to consider anti-holomorphic Kahlerian twistor 
spinors, since similar formulas are then fulfilled by holomorphic Kahlerian twistor spinors. In 
fact, they are obtained by conjugating the ones for anti-holomorphic Kahlerian twistor spinors 
and replacing the constant k = „.„''^^,-. with k 



2(2r+l) "«■"'^^ 2{2m-2r+l)' 

Proposition 4.3. Let [M, g, J) be a spin Kdhler manifold and (p € r(SrM) be an anti- 
holomorphic Kahlerian twistor spinor for some fixed r with O < r < m: 




so that in particular (p = D ip = 0. Then the following formulas hold, where we denote by 
k — 1 ■ 

2{2r+l) • 

{dSy ■ip = 0, (4.13) 

0"^^ = k{r + l)Sip, (4.14) 

VxV^+ = -^Ric(X+)-v9, (4.15) 

Ric(X-) • if = kSX- ■ if, (4.16) 

ip ■ if = kSip, (4-17) 

iVx+p - p = kX+{S)p, (4.18) 

ip.p+ = -kSp+ - 2k{r + l){dS)+ ■ p, (4.19) 

Ric(X-) • p+ = kSX- ■ p+ - 2k{r + l)X-{S)p, (4.20) 
iVx+p-<^+ = -Rlc^ {X+)-p + kSmc{X+)-p -2k{r + l)V x+ {dS)^ ■p-kX+{S)p'^, (4.21) 

iVx'P ■ = -2fe(r + l)Vx- (dS)+ ■ p - 3kX-{S)p+ - kX- ■ {dS)+ ■ p+. (4.22) 
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Proof: Equation ()4.13p follows directly from (j4.10p and ip =0. Equation (j4.14p is the 
property of a special Kahlerian twistor spinor to be an eigenspinor of D^, which we have shown 
in (EH]). 

By substituting ()4.14p into the second row of the connection V given by ()3.19p we get ()4.15p . 
Similarly, by substituting (|4.14p into the third row of the connection V given by (|3.19p we get 
equation (jirU]) . Equations ([O]) and ([^I]) yield (gTT]). 

Substituting (lOSl) and = O in (liTTI) yields (li^HD . Differentiating (liTT]) we get 

iV x-P ■ 'P = — ip ■ ^X'V + kX~{S)ip + kSV x-'P 

=kX-{S)ip - ^^-L_kSX- ■ + ^^^[^- • p - 2zRic(X-)] . ^+ 

9kX-{S)ip - —^-—kSX- ■ ip+ - -J-—[kSX- ■ V9+ 
^ 2(r + l) ^ 2(r + l)^ ^ 

+ 2/c(r + 1)X' ■ {dS)+ ■ ip - 2Ric(X-) • ip+] 

=kX-(S)ip —[kSX- - Ric(X-)] . ip+ - kX- ■ (dS)+ ■ ip, 

r + 1 

which compared with ()4.12p yields 
-kX'{S)ip + ^[kSX- - mc{X-)] ■ = ^2m- 2r + l)[r + l) ^^^^' " ^"^^"^^ ' 

+ 2(2m-2r + l) ^'(^^'^' 
thus proving (|4.20p . Equation (|4.19p is just ([O]) . Differentiating p.lDp we get 

iVxP -ip-^ = -ip- Vx<P+ - /cX(5)99+ - kSVx^^ - 2k{r + l)Vx{dS)+ ■ ip 
-2k{r + l)idS)+ ■Vx^ 

• Ric(x+) • ip - kx{s)ip+ + hsmcix+) ■ ip 

- 2k{r + l)Vx{dS)^ ■ ip + k{dS)+ ■ X- ■ ip+, 
which together with the commutator relation 

ip ■ Ric(X+) • p = iRic(X+) ■ p-ip- 2Ric^(X+) • ip 
and ()il7D yields (|i:2T]) and I[^l2\i . □ 

5. The Geometric Description 

In this section we describe geometrically the simply connected compact spin Kahler manifolds 
of constant scalar curvature admitting Kahlerian twistor spinors (Theorem lS.lSp . Let {M, g, J) 
be such a manifold. The main steps of the proof are: 

(1) Ali Kahlerian twistor spinors on M are special Kahlerian twistor spinors. 

(2) The Ricci tensor has two constant eigenvalues. 

(3) The Ricci tensor is parallel. 

(4) M = Ml X M2 with Ml a Ricci-flat Kahler manifold and M2 Kahler-Einstein admitting 
Kahlerian twistor spinors. 

5.1. Special Kahlerian Twistor Spinors. We show that if the scalar curvature is constant, 
then each Kahlerian twistor spinor is anti-holomorphic or holomorphic. 

Proposition 5.1. Let (M, g, J) be a compact Kahler spin manifold of positive constant scalar 
curvature and p € r(SrM) (O < r < m) a Kahlerian twistor spinor. Then ip is an anti- 
holomorphic Kahlerian twistor spinor if r < ^ or a holomorphic Kahlerian twistor spinor if 
r>f. 
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Proof: The relation (j2.7p and the Lichnerowicz formula (jl.9p imply the following Weitzenbock 
formula: 

2r + l , 2m-2r + l, 1^ 

2(r + l) ^ 2(m-r + l) ^ 4 ^ ^ ^ 

If r < y, then ^^^^j^ < ^^'^ from (|5.1|) it follows by integration (where we denote by 

II • II the global norm: ||y?|p = < (p,ip > voIm)- 

+ ^ \\D^\\'<]sMf, (5.2) 



2(r + l)" - 4 

with equality if and only if D^(p = 0. Further it follows that 

2(r + l) l^^ , 2(r + l)l 

2r + l 4*^--^™"- ||(^||2 - 2r + l 4^' 

where the first inequality is given by (|2.10p and the second inequality is the property of the 
Rayleigh quotient to have as its minimum the smallest eigenvalue Xmin of the operator (here 
acting on the Hilbert space of square integrable sections of S^M). It then follows that 
equality must hold in (|5.2p . so that (p must be an anti-holomorphic Kahlerian twistor: D~(p = O 
and in particular an eigenspinor of associated with the smallest eigenvalue of on S^M 
(Proposition 12. 7p . 

The same argument shows that for r > y, any Kahlerian twistor spinor in S^M must be a 
holomorphic Kahlerian twistor spinor. 

If m even and r = y , then we have seen in ^2.21 that the only nontrivial Kahlerian twistor 
spinors are the parallel ones. □ 

Remark 5.2. We notice that the condition for the scalar curvature to be positive in Propo- 
sition 15.11 is not restrictive. If S < O, then taking in (|5.ip the scalar product with ip and 
integrating over M yields D^ip = D~(p = 0. As ip is also in the kernel of the twistor operator, 
it follows that Vy? = O, implying that the manifold is Ricci-flat (and thus S = 0), unless ip = 0. 
Concluding, if the scalar curvature is constant and there exists a nontrivial and non-parallel 
Kahlerian twistor spinor, then the scalar curvature must be positive. 

5.2. The Eigenvalues of the Ricci Tensor. We now show that the Ricci tensor of a spin 
Kahler manifold of constant scalar curvature admitting a special Kahlerian twistor spinor has 
two constant eigenvalues and is parallel. This result was proven by A. Moroianu in [24J and 
[25j for the special case of a limiting even dimensional spin Kahler manifold for Kirchberg's 
inequality ()1.13p . We note that the same method can be applied when the existence of a special 
Kahlerian twistor spinor is assumed. As shown in Proposition 15.11 this is not restrictive, since 
all Kahlerian twistor spinor are special Kahlerian twistor spinors if S is constant. 

Theorem 5.3. The Ricci tensor of a Kahler spin manifold of constant scalar curvature ad- 
mitting a nontrivial non-parallel Kahlerian twistor spinor has two constant non-negative eigen- 
values. More precisely, if (p is an anti-holomorphic Kahlerian twistor spinor in S^M, then the 
Ricci tensor has the eigenvalues 2(2^+1) '^^'^ ^' multiplicities 2(2r + 1) and 2{m — 2r — 1) 
respectively. If ip ^ r(SrM) is a holomorphic Kahlerian twistor spinor, then the Ricci tensor 
has the eigenvalues 2(2m-2r+i) ^^'^ ''^^^^ multiplicities 2(2m — 2r + 1) and 2(2r — m — 1) 
respectively. 

Since the multiplicity of an eigenvalue is a positive integer, we get directly the following 

Corollary 5.4. On a Kahler spin manifold of constant scalar curvature, anti-holomorphic 
Kahlerian twistor spinors may exist only in S^M with r < ^^^^y^ and holomorphic Kahlerian 
twistor spinors may exist only in S^M with r > -^^^y^. 

Remark 5.5. In the extremal cases, if m is odd and r = -^^^^y^, then the existence of a holo- 
morphic (respectively anti-holomorphic) Kahlerian twistor spinor ip G r(SrM) implies that the 
Ricci tensor only has one eigenvalue, thus proving that the manifold must be Kahler-Einstein. 
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As we move away from the middle dimension the multiplicity of the eigenvalue O of the Ricci 
tensor grows and the manifold is actually the product of a Kahler-Einstein manifold and a 
Ricci-flat one, if M is supposed to be simply-connected (cf. Theorem IS.lSp below. 

The proof of Theorem 15.31 follows from Lemmas 15.61 and 15.71 It is enough to consider anti- 
holomorphic Kahlerian twistor spinors, since the holomorphic ones are obtained by applying 
the canonical C-anti-hnear quaternionic or real structure j to the anti-holomorphic ones. 

Lemma 5.6. Ifip € r(SrM) is an anti-holomorphic Kahlerian twistor spinor, then the following 
formulas hold (with the notation K = kS = 2(0+i))' 

Vx^+ = -^Ric(X+) • ip, (5.3) 

Ric{X~) ■ if = KX- -ip, Ric{X-)-ip+ = KX- -ip^, (5.4) 
ip ■ ip = Kip, ip ■ p>'^ = —Kip'^, (5.5) 
Vxp-(p = 0, iVxp-^^ = -{RK'^{X+)-Kmc{X+))-ip. (5.6) 

Proof: These relations follow directly from the general formulas (j4.15p - (j4.22p for anti- 
holomorphic Kahlerian twistor spinors by using the fact that the scalar curvature S is constant. 

□ 



Let us consider as in [24j the 2-forms 

- ^ Cj A JRic'^(ej) = - ^ Cj • JRic 



i=l i=l 

and the following statements: 

(as) tr(Ric'') = 2(2r + l)if^; 
(bs) ips-p> = K^tp; 
{cs) Z/Os • (/7+ = -i^V+; 
{ds) VxPs -^ = 0; 

(e,) iVxPs ■ = -(Ric^+n^+) - ^'Ric(X+)) • ip; 
Us) 6ps = 0. 

We show by induction that these statements hold for all s S N. From Lemma 15.61 it follows 
that they are true for s = 1 (constant scalar curvature implies 6 p = —\JdS = 0). We notice 
that the following result obtained by A. Moroianu in [23] for r = ^ + 1 is true for any O < r < m: 

Lemma 5.7. The following implications hold: 

(1) (as) =^ ibs),ics); 

(2) {bs),{cs)^{ds),{es); 

(3) (a,),(/,_i)^(/,); 

(4) {ds),{es),{fs) (as+i). 

Proof: Except for the modifications implied by the new values that r may take, the proof 
given in [23] works in the same way. Hence, we do not give here the corresponding computations.D 
The formulas (a^) show that the sum of the s*^ powers of the eigenvalues of Ric equals 
2(2r + 1)K^ for all s and by Newton's relations this proves Theorem 15.31 

5.3. Kahler-Einstein Manifolds. In this section we show that on a Kahler-Einstein manifold 
there may only exist non-extremal Kahlerian twistor spinors if m is odd. They must be in 
S m-i M or Sm+iM and are automatically Kahlerian Killing spinors. Thus such a manifold is a 

2 2 

limiting manifold for the Kirchberg's inequality ()1.12p . These manifolds have been geometrically 
described by A. Moroianu (cf. Theorem ll.6p . 
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Let (M, g, J) be a Kahler-Einstein manifold. Then S is constant and by Proposition 15.11 it 
follows that all Kahlerian twistor spinors are special Kahlerian twistor spinors: if O < r < y, 
then they must be anti-holomorphic Kahlerian twistor spinors and if y < r < m, then they 
must be holomorphic Kahlerian twistor spinors. As usually, it is sufficient to consider anti- 
holomorphic Kahlerian twistor spinors ip G r(Sj,M) for a fixed r with O < r < y- 

As p = ^SQ, it follows that ip ■ ip = Sip and from (j4.4p we get 

^2 + m — 2mr + 2r^ ^ , 

D(p = — — Sip. (5.7 

2m(m + Ij 

On the other hand, by Proposition 12.71 any anti-holomorphic Kahlerian twistor spinor in 
S^M (for O < r < y) is an eigenspinor of with the smallest possible eigenvalue on E^M: 

= ^T^y^- (5-8) 
^ 2{2r + iy ^ ' 

Comparing the eigenvalues in ()5.7p and ()5.8p . we get for r < 

(r + l)S _ [m^ + m - 2mr + 2r'^)S 
2{2r + 1) ~ 2m(m + 1) ' 

which, since S' 7^ O, is equivalent to O = —r {m — 2r){m — 2r — 1). 

As r / O and r 7^ y, it follows that the only possible value for r is Thus, except for 

parallel spinors (if S' = 0) and extremal spinors (those in SoM), anti-holomorphic Kahlerian 

twistor spinors on a Kahler-Einstein manifold can only exist in S m-i M and they are by definition 

2 

exactly the Kahlerian Killing spinors. A similar result is true for holomorphic Kahlerian twistor 
spinors and it might be obtained by considering the isomorphism ()2.6p given by the quaternionic 
or real structure ]. 

Concluding, we have proven the following 

Proposition 5.8. On a spin Kahler-Einstein manifold the only nontrivial Kahlerian twistor 

spinors are the eztremal ones in T,qM and S^M, the Kahlerian Killing M and 

2 

Sm+iM (if m is odd) and the parallel ones (if M is Ricci-flat). 

Combining Proposition 15.81 with the characterization in Proposition 11.41 of the limiting mani- 
folds of Kirchberg's inequality and their geometric description given by A. Moroianu (Theo- 
remlLGI) we obtain 



Theorem 5.9. A spin Kahler-Einstein manifold admitting nontrivial and non-extremal Kahlerian 
twistor spinors which are not parallel is either CP'^^^^ or, in complez dimension 4A; + 3, a twistor 
space over a guaternionic Kdhler manifold of positive scalar curvature. 



Example 5.10 (The complex projective space). The dimension of the space of Kahlerian 
Killing spinors on CP™ with m = 2k-l is {^^) (ci. 

CoroUary 5.11. (cf. [23] j Let {M, g, J) be a Kahler-Einstein manifold admitting nontrivial 
non-extremal Kahlerian twistor spinors, which is not the complex projective space, then the 
dimension of their space is 2. More precisely: 

dimc(/Cr(^^)) = dimc(/Cr(^^)) = 1. 

5.4. Kahlerian Twistor Spinors on Kahler Products. We now study Kahlerian twistor 
spinors on a product of compact spin Kahler manifolds and show that they are defined by 
parallel spinors on one of the factors and special Kahlerian twistor spinors on the other factor. 
For twistor forms a similar result was obtained by A. Moroianu and U. Semmelmann in [27J. 
They showed that twistor forms on a product of compact Riemannian manifolds are defined by 
Killing forms on the factors. 
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Let M = Ml X M2 be the product of two compact spin Kahler manifolds of dimensions 2m 
and 2n respectively. Then M is also a spin Kahler manifold and its induced spinor bundle is 
identified with the tensor product of the spinor bundles of the factors: 

SM^SMi^SMa, 

with the Chfford multipUcation given by: 



{Xi + X2) ■ (V-i ® Tp2) = Xi ■ (g) i>2 + ^pi (S> X2 ■ i)2, 

where ^ is the conjugate of the spinor with respect to the decomposition SMi = S+Mi ©S~Mi 
given by (jl.ip . 

We consider the decompositions of the spinor bundles of Mi and M2 with respect to their 
Kahler forms 0.2 (Lemma [M]) : SMi = ©^^pS^Mi, SM2 = ef^gE^Mz. Then the cor- 
responding decomposition of SM into eigenbundles of O = Oi + is: 



SM = ©;i+"^rM, (5.9) 

with 

S^M^©^=oSfc^^i«'Sr-fcM2, (5.10) 

since the Kahler form acts on a section of S^Mi Sj._fcM2 as: 

O ■ ('i/'l ■02) = (^^1 + ^^2) ■ (V^i ® V'2) =Oi-iii®i>2+i'i®^2-'4>2= ^(2r -m- n)'4}i ® V'2- 
Let us define the differential operators: 

2m 2n 



i=l j=l 



where {ej}j=i^...^2m and {/j}j=i,...,2n denote local orthonormal basis of the tangent distributions 
to Ml, respectively M2. Their adjoints are 



2m 2n 

The following relations are straightforward: 

D+ = D+ + D+, D- = D^+D^, 

{Dtf = {Dtf = {Di f = {D, f = O, 
DfD:^ + D^Dl = D^D^ + D^D^ = O, 

DtD^ + D^Dt = DiD+ + D^D^ = 0. 

We may suppose without loss of generality that one of the factors Mi or M2 is not Ricci- 
flat. Otherwise, M = Mi x M2 is Ricci-flat and by the Lichnerowicz formula Kahlerian twistor 
spinors are parallel. 

Theorem 5.12. Let M = Mi x M2 be the product of two compact spin Kahler manifolds of 
dimensions 2m, respectively 2n and suppose that M2 is not Ricci- fiat. Let ip G r(SrM) be a 
nontrivial Kahlerian twistor spinor. Then ^ has the following form 

1p = Co (S> ifr + ^ ^r-m, (5.11) 

where ^0;Cm ^i"^ parallel spinors in SoMi, S^Mi, is an anti-holomorphic Kahlerian twistor 
spinor in SrM2 (if r < n, otherwise ipr = 0) and holomorphic Kahlerian twistor 

spinor in T,r-m^2 (if m < r, otherwise (pr-m = 0). Ln particular, Mi is a Ricci-flat manifold 
and M2 carries special Kahlerian twistor spinors in SrM2 or Tir-m}^2- 
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Proof: Let ip he a, Kahlerian twistor spinor in E^M: 

I- • n-ih. 

(5.12) 



['^x-i^ = -2(^X-.D^^P, 
for any vector field X tangent to M. With respect to the decomposition (jS.lOp . ip is written as 

V' = "00 H ^tpr, 

with ipk € r(EfeMi (g) Sr_A:M2), for A; = O, . . . , r. 

Projecting onto the components given by (|5.10p . the twistorial equation ()5.12p is equivalent 
to the fohowing two systems of equations: 

For X G r(TMi): 



and for X G r(TM2): 



If {ei}j=i^..._2m is an orthonormal basis of the 2m-dimensional manifold Afi, then we have on 
S^Mi: 

ef ■ = -2r, e~ • ef = -2(m - r). 
By contracting ()5.13p using the relations above, it follows that 

D^il^k = e~ • V + V'/c = ■ —{D^ipk + D^i^k-i), 

i m + n — r + 1 

so that we get 

(r - A:)Z)+Vfe = (fc + l)i?2^Vfc+i (5.15) 

and 

(n + - r)Z)f Vfc = (m - /c + 1)1)2' V-fc-i- (5-16) 
We distinguish three cases for O < r < m + n: 

I. Suppose that r is strictly smaller than m and n. For k < r, ()5.15p and ()5.16p imply: 

(5.17) 

which integrated over M yields Dfipk = D2 ipk = O, VA; < r. Similarly it follows that Vfc = 
I^t'^k = O, V/c > 0. As D^ipo = D2'ipr = O holds automatically, then ()5.13p and (j5.14p show 
that V'fc are parallel spinors on M (and thus are zero, since M is not Ricci-flat) for 1 < k < r — 1. 
The first component ipo G r(IloMi (g) SrM2) satisfies the equations: 

V^V-o = O, for all X G r(TMi), 

Vx+V'o = 0, Vx-V'o = ^-•i^+V'o, for aU X G r(TM2) 

r + 1 

and V'r £ r(SrMi S0M2) satisfies the equations: 

Vx+A = 0, Vx-V'r = —X--D+i;r, for ah X G r(TMi), 

r + 1 

VxTpr = O, for all X G r(TM2) 
Thus V'o = Co 1^ with £ r(SoMi) a parallel spinor on Mi and £ r(SrM2) an anti- 
holomorphic Kahlerian twistor spinor on M2 {D~ipr = 0). Similarly ipr = ® '^0, in particular 
with ipQ G r(SoM2) a parallel spinor on M2, but as M2 is not Ricci-flat, this term must vanish. 
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II. If r is strictly larger than m and n, then by applying the real or quaternionic structure j 
to a Kahlerian twistor spinor in S^M we get one in S^+n-rM, thus reducing to the first case. 
It then fohows that a Kahlerian twistor spinor ip G r(Sj.M) is of the form ip = fr-m 
with £ r(5^mMi) a parallel spinor on Mi and <pr-m £ r(Sr-mM2) a holomorphic Kahlerian 
twistor spinor on M2. 

III. Let r be a number between m and n and suppose that m < r < n. Since S^Mi exist 
only for O < k < m, then automatically ipm+i = • • • = 'i/'r = 0. Integrating (j5.17p over M we 
get as above Dfij^k = D2'ipk = O, \/k < m — 1 and D^t/j^ = D'^'^'k = O, \/k > 1. From ()5.13p 
and ()5.14p it follows that V'!) • • • j V^m-i are parallel spinors in SM and thus must vanish. The 
first component 'i/'o has as before the form ipo = Co with ^0 ^ r(SoMi) a parallel spinor 
on Ml and ipr € T{'Er^2) anti-holomorphic Kahlerian twistor spinor on M2 and the last 
component is of the form = Cm ^ '■Pr-m with Cm £ r(SmMi) a parallel spinor on Mi and 
(fir-m £ r(Sr--mM2) a holomorphic Kahlerian twistor spinor on M2. 

The last possible case is when n < r < m. The same argument as above holds with Mi and 
M2 interchanged. As M2 is assumed not to be Ricci-flat, then it carries no parallel spinors, 
showing that there are no nontrivial Kahlerian twistor spinors in this case. □ 

Remark 5.13. From Theorem 15.121 it follows in particular that on a product of two compact 
spin Kahler manifolds any Kahlerian twistor spinor is a special Kahlerian twistor spinor. More- 
over, since one of the factors must be a Ricci-flat manifold, it follows that the second factor, 
which in turn carries special Kahlerian twistor spinors, is an irreducible Kahler manifold with 
holonomy U{m) (from Berger's list, where we eliminate the case of symmetric manifolds, which 
are in particular Kahler-Einstein and thus studied in Theorem 15. 9p . 

If n < m, where m is the complex dimension of the Ricci-flat factor Mi and n the complex 
dimension of the other factor M2, then Theorem 15.121 implies that there are no nontrivial 
Kahlerian twistor spinors in S^M for n < r < m. 

5.5. The Geometric Description. In this section we give the main result, which is now a 
consequence of Theorems l5.3l and l5.12l and the following splitting result proven by V. Apostolov, 
T. Draghici and A. Moroianu [2]: 

Theorem 5.14. Let (M, g, J) be a compact Kahler manifold whose Ricci tensor has two distinct 
constant non-negative eigenvalues X and /i. Then the universal cover of {M, g, J) is the product 
o f two simply connected Kahler-Einstein manifolds with Einstein constants A and /i, respectively. 

Theorem 5.15. Let {M'^'^ , g, J) be a compact simply connected spin Kahler manifold of con- 
stant scalar curvature admitting nontrivial non-parallel Kahlerian twistor spinors in E^M for 
an r with O < r < m. Then M is the product of a Ricci-flat manifold Mi and an irreducible 
Kahler-Einstein manifold M2, which must be one of the manifolds described in Theorem 15.91 
More precisely, there ezist anti-holomorphic (holomorphic) Kahlerian twistor spinors in at most 
one such S^M with r < ^ (^ > o.'i^d they are of the form: 

'4) = Co®^r (-0 = 6r--m-l 'Si V'm-r+l), (5.18) 

where Co ^ r(SoMi) (C2r-m-i £ r(5^2r-m-iMi)J is a parallel spinor and ipr G T{'ErM2) 
((fm-r+i € T {T,m-r+i^2) ) is an anti-holomorphic (holomorphic) Kahlerian twistor spinor. 
In particular, the complex dimension of the Kahler-Einstein manifold M2 is 2r + 1 (resp. 
2{m -r)-\- 1). 

Proof: Let (M, g, J) be a Kahler manifold as in the hypothesis of the theorem and f G 
r(SrM) a Kahlerian twistor spinor. By Proposition 15.11 and Remark l5.2| is a special Kahlerian 
twistor spinor and, as usually, we may suppose that it is an anti-holomorphic Kahlerian twistor 
spinor. Then, by Theorem 15.31 the Ricci tensor has two constant non-negative eigenvalues: 
2(2H-i) '^ith multiplicity 2(2r-|-l) and O with multiplicity 2(m — 2r — 1). From Theorem 15. 141 as 
M is supposed to be simply connected, it follows that M is the product of a Ricci-flat manifold 
Ml and a Kahler-Einstein manifold M2 of scalar curvature equal to 2(2^+1) • Theorem 15.121 
ip is of the form ()5.18p with ^0 is a parallel spinor in T,qMi and ipr is an anti-holomorphic 
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Kahlerian twistor spinor in SrM2. We then conclude by applying Theorem l5.9i We notice that 
this result together with Corollary 15.111 also provides the dimension of the space of Kahlerian 
twistor spinors. □ 

Remark 5.16. This result can be seen as a generalization of the geometric description of 
limiting even dimensional Kahler manifolds for Kirchberg's inequality (|1.13p using the charac- 
terization in Theorem ll.Si Thus, if M is a limiting Kahler manifold of even complex dimension 
m = 21, then it admits an anti-holomorphic Kahlerian twistor spinor in S/_iM (or equivalently 
a holomorphic Kahlerian twistor spinor in S/4.1M). By Theorem 15.151 M is then the product 
of a 2-dimensional flat manifold Mi and a {41 — 2)-dimensional Kahler-Einstein manifold M2, 
which is a limiting manifold for Kirchberg's inequality ()1.12p in odd dimensions. 

Remark 5.17. If in Theorem l5.15l the manifold {M, g) is not assumed to be simply connected, 
then its universal Riemannian cover (M, g) carries a unique spin structure and since its Ricci 
curvature is non-negative (as proven in Theorem 15. 3p . it follows by a result of J. Cheeger and D. 
Gromoll ([5l Theorem 6.65]) that {M, g) is isometric to a Riemannian product (M x M'', g x go), 
where go is the canonical flat metric on R'' and (M, g) is a compact simply connected manifold 
with positive Ricci curvature. In order to complete the classification of Kahler spin manifolds 
admitting nontrivial non-extremal Kahlerian twistor spinors, one has to analyze the existence 
of such spinors on the product (M x M'^,^ x g^) and the action of the fundamental group of M 
on M. In the special case of limiting manifolds for the even dimensional Kirchberg inequality, 
this classification has been obtained by A. Moroianu, c/. Theorem 11.71 

In particular, Theorem 15.151 together with Proposition 12.71 answer a question raised by 
K. -D. Kirchberg jT^ about the description of all compact Kahler spin manifolds, whose square 
of the Dirac operator has the smallest eigenvalue of type r. 

5.6. Weakly Bochner Flat Manifolds. All the examples that we know of Kahler spin man- 
ifolds admitting special Kahlerian twistor spinors have parallel Ricci form, being thus in par- 
ticular weakly Bochner flat. The purpose of this section is to show conversely, that any spin 
weakly Bochner flat manifold admitting special Kahlerian twistor spinors must have constant 
scalar curvature and thus, is described in Theorem 15.151 

We first recall that a Kahler manifold {M, g, J) is called weakly Bochner flat if its Bochner 
tensor (which is defined as the projection of the Weyl tensor onto the space of Kahlerian 
curvature tensors) is co-closed. In [1] (cf. Proposition 1), the codifferential of the Bochner 
tensor is computed using the Matsushima identity and it is proven that a Kahler manifold is 
weakly Bochner flat if and only if the normalized Ricci form defined by 

is a Hamiltonian 2-form, i. e. it satisfies the following equation 

Vxp = — -(dS AJX -d^S AX), (5.20) 

4(m -|- 1) 

for all vector fields X. 

Proposition 5.18. Let {M, g. J) be a spin weakly Bochner flat manifold and ip € r(SrM) (with 
O < r < m) be a nontrivial anti-holomorphic (or holomorphic) Kahlerian twistor spinor. Then 
the scalar curvature S of the metric g is constant. 

Proof: Let (f G r(S,.M) (with 0<r<m, r7^Y)bea nontrivial anti-holomorphic Kahlerian 
twistor spinor (using the isomorphism j the same argument holds for a holomorphic Kahlerian 
twistor spinor). First we notice that using the projections onto T^^'^^M and T^^'^^M, the 
equation ()5.20p is equivalent to the following equations: 

2(m + 1) 
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X- A {dS) 



(5.22) 



iVx-p 



2(m + 1) 



From ([5TT9]) and (jOT]) we obtain: 



iVx+p = iVx+P + ^, ^^A x+{s)n = —J— A {dsy + ix+{s)n]. 

2(m + 1) 2{m + 1) 



Applying this equation to and using (|4.13|) we get 



On the other hand, by ()4.18p we have 




Comparing the equations (j5.23p and ()5.24p we get 




As r ^ y and r 7^ O, it follows that X~^(S) = O at all points where ip does not vanish, thus 
proving that S must be constant. □ 
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